Abstract-In this paper, we investigate the design of linear precoders for the multiple-input multiple-output (MIMO) multiple access channel (MAC). We assume that statistical channel state information (CSI) is available at the transmitters and consider the problem under the practical finite alphabet input assumption. First, we derive an asymptotic (in the large system limit) expression for the weighted sum rate (WSR) of the MIMO MAC with finite alphabet inputs and Weichselberger's MIMO channel model. Subsequently, we obtain the optimal structures of the linear precoders of the users maximizing the asymptotic WSR and an iterative algorithm for determining the precoders. We show that the complexity of the proposed precoder design is significantly lower than that of MIMO MAC precoders designed for finite alphabet inputs and instantaneous CSI. Simulation results for finite alphabet signalling indicate that the proposed precoder achieves significant performance gains over existing precoder designs.
I. INTRODUCTION
In recent years, the channel capacity and the design of optimum transmission strategies for the multiple-input multipleoutput (MIMO) multiple access channel (MAC) have been widely studied [1] [2] [3] . For instance, it was proved in [1] that the boundary of the MIMO MAC capacity region is achieved C.-K. Wen is with the Institute of Communications Engineering, National Sun Yat-sen University, Kaohsiung 804, Taiwan (Email: chaokaiwen@gmail.com).
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by Gaussian input signals. It was further demonstrated in [2] that, for the MIMO MAC, the optimization of the transmit signal covariance matrices for weighted sum rate (WSR) maximization leads to a convex optimization problem. For sum rate maximization, the authors of [3] developed an efficient iterative water-filling algorithm for finding the optimal input signal covariance matrices for all users.
However, the results in [1] [2] [3] rely on the critical assumption of Gaussian input signals. Although Gaussian inputs are optimal in theory, they are rarely used in practice. Rather, it is well-known that practical communication signals usually are drawn from finite constellation sets, such as pulse amplitude modulation (PAM), phase shift keying (PSK) modulation, and quadrature amplitude modulation (QAM). These finite constellation sets differ significantly from the Gaussian idealization [4] [5] [6] [7] [8] [9] . Accordingly, transmission schemes designed based on the Gaussian input assumption may result in substantial performance losses when finite alphabet inputs are used for transmission. In [5] , the globally optimal linear precoder design for point-to-point communication systems with finite alphabet inputs was obtained, building upon earlier works [10] [11] [12] [13] . For the case of the two-user single-input single-output MAC with finite alphabet inputs, the optimal angle of rotation and the optimal power division between the transmit signals were found in [14] and [15] , respectively. For the MIMO MAC with an arbitrary number of users and generic antenna configurations, an iterative algorithm for searching for the optimal precoding matrices of all users was proposed in [6] .
The transmission schemes in [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] require accurate instantaneous channel state information (CSI) at the transmitters for precoder design. If the channels vary relatively slowly, in frequency division duplex systems, the instantaneous CSI can be estimated accurately at the receiver via uplink training and then sent to the transmitters through dedicated feedback links, and in time division duplex systems, the instantaneous CSI can be obtained by exploiting the reciprocity of uplink and downlink. Nevertheless, when the mobility of the users increases and channel fluctuations vary more rapidly, the round-trip delays of the CSI become non-negligible with respect to the coherence time of the channels. In this case, the obtained instantaneous CSI at the transmitters might be outdated. Therefore, for these scenarios, it is more reasonable to exploit the channel statistics at the transmitter for precoder design, as the statistics change much more slowly than the instantaneous channel parameters.
Transmitter design for statistical CSI has received much attention for the case of Gaussian input signals [16] [17] [18] [19] [20] [21] [22] . For finite alphabet inputs, point-to-point systems, an efficient precoding algorithm for maximization of the ergodic capacity over Kronecker fading channels was developed in [23] . Also, in [24] , asymptotic (in the large system limit) expressions for the mutual information of the MIMO MAC with Kronecker fading were derived. Recently, an iterative algorithm for precoder optimization for sum rate maximization of the MIMO MAC with Kronecker fading was proposed in [25] . Despite these previous works, the study of the MIMO MAC with statistical CSI at the transmitter and finite alphabet inputs remains incomplete, for three reasons: First, the Kronecker fading model characterizes the correlations of the transmit and the receive antennas separately, which is often not in agreement with measurements [26, 27] . In contrast, jointlycorrelated fading models, such as Weichselberger's model [27] , do not only account for the correlations at both ends of the link, but also characterize their mutual dependence. As a consequence, Weichselberger's model provides a more general representation of MIMO channels. Second, explicit structures of the optimal precoders for the MIMO MAC with statistical CSI and finite alphabet inputs have not been reported yet. Third, in contrast to the sum rate, the weighted sum rate (WSR) enables service differentiation in practical communication systems [28] . Thus, it is of interest to study the WSR optimization problem.
In this paper, we investigate the linear precoder design for the K-user MIMO MAC assuming Weichselberger's fading model, finite alphabet inputs, and availability of statistical CSI at the transmitter. By exploiting a random matrix theory tool from statistical physics, referred to as the replica method 1 , we first derive an asymptotic expression for the WSR of the MIMO MAC for Weichselberger's fading model in the large system regime where the numbers of transmit and receive antennas are both large. The derived expression indicates that the WSR can be obtained asymptotically by calculating the mutual information of each user separately over equivalent deterministic channels. This property significantly reduces the computational effort for calculation of the WSR. Furthermore, we prove that the optimal left singular matrix of each user's optimal precoder corresponds to the eigenmatrix of the transmit correlation matrix of the user. This result facilitates the derivation of an iterative algorithm 2 for computing the optimal precoder for each user. The proposed algorithm updates the power allocation matrix and the right singular matrix of each user in an alternating manner along the gradient decent direction. We show that the proposed algorithm does not only provide a systematic precoder design method for the MIMO MAC with statistical CSI at the transmitter, but also reduces the implementation complexity by several orders of magnitude compared to the precoder design for instantaneous CSI. Moreover, precoders designed for statistical CSI can be updated much less frequently than precoders designed 1 We note that the replica method has been applied to communications problems before [24, [29] [30] [31] . 2 It is noted that although we derive the asymptotic WSR in the large system regime, the proposed algorithm can also be applied for systems with a finite number of antennas.
for instantaneous CSI as the channel statistics change very slowly compared to the instantaneous CSI. Numerical results demonstrate that the proposed design provides substantial performance gains over systems without precoding and systems employing precoders designed under the Gaussian input assumption for both systems with a moderate number of antennas and massive MIMO systems [32] .
The remainder of this paper is organized as follows. Section II describes the considered MIMO MAC model. In Section III, we derive the asymptotic mutual information expression for the MIMO MAC with statistical CSI at the transmitter and finite alphabet inputs. In Section IV, we obtain a closedform expression for the left singular matrix of each user's precoder maximizing the asymptotic WSR and propose an iterative algorithm for determining the precoders of all users. Numerical results are provided in Section V and our main results are summarized in Section VI.
The following notations are adopted throughout the paper: Column vectors are represented by lower-case boldface letters, and matrices are represented by upper-case boldface letters. Superscripts (·)
T , (·) * , and (·) H stand for the matrix/vector transpose, conjugate, and conjugate-transpose operations, respectively. det(·) and tr(·) denote the matrix determinant and trace operations, respectively. diag {b} and blockdiag {A k } K k=1 denote a diagonal matrix and a block diagonal matrix containing in the main diagonal and in the block diagonal the elements of vector b and matrices A k , k = 1, 2, · · · , K, respectively. diag {B} denotes a diagonal matrix containing in the main diagonal the diagonal elements of matrix B. ⊙ and denote the element-wise product and the Kronecker product of two matrices, respectively. vec (A) is a column vector which contains the stacked columns of matrix A.
[A] mn denotes the element in the mth row and nth column of matrix A. X F denotes the Frobenius norm of matrix X. I M denotes an M × M identity matrix, and E V [·] represents the expectation with respect to random variable V , which can be a scalar, vector, or matrix. Finally, DA denotes the integral measure for the real and imaginary parts of the elements of A. That is, for an n × m matrix A, we have
, where Re and Im extract the real and imaginary parts, respectively.
II. SYSTEM MODEL
Consider a single-cell MIMO MAC system with K independent users. We suppose each of the K users has N t transmit antennas 3 and the receiver has N r antennas. Then, the received signal y ∈ C Nr×1 is given by
where x k ∈ C Nt×1 and H k ∈ C Nr×Nt denote the transmitted signal and the channel matrix of user k, respectively. v ∈ C Nr×1 is a zero-mean complex Gaussian noise vector with covariance matrix 4 I Nr . Furthermore, we make the common assumption (as, e.g., [19, 34] ) that the receiver has the instantaneous CSI of all users, and each transmitter has the statistical CSI of all users.
The transmitted signal vector x k can be expressed as
where B k ∈ C Nt×Nt and d k ∈ C Nt×1 denote the linear precoding matrix and the input data vector of user k, respectively. Furthermore, we assume d k is a zero-mean vector with covariance matrix I Nt . Instead of employing the traditional assumption of a Gaussian transmit signal, here we assume d k is taken from a discrete constellation, where all elements of the constellation are equally likely. In addition, the transmit signal x k conforms to the power constraint
For the jointly-correlated fading MIMO channel, we adopt Weichselberger's model [27] throughout this paper, which is also referred to as the unitary-independent-unitary model [33] . This model jointly characterizes the correlation at the transmitter and receiver side. In particular, for user k, H k is modeled as
where
Nt×Nt represent deterministic unitary matrices, respectively. G k ∈ C Nr×Nt is a deterministic matrix with real-valued nonnegative elements, and W k ∈ C Nr×Nt is a random matrix with independent identically distributed (i.i.d.) Gaussian elements with zeromean and unit variance. We define G k = G k ⊙ G k and let g k,n,m denote the (n, m)th element of matrix G k . Here, G k is referred to as the "coupling matrix" as g k,n,m corresponds to the average coupling energy between u R k ,n and u T k ,m [27] . The transmit and receive correlation matrices of user k can be written as
where Γ T k and Γ R k are diagonal matrices with main diagonal elements
We note that (4) is a general model which includes many popular statistical fading models as special cases. For example, if G k is a rank-one matrix, then (4) reduces to the separatelycorrelated Kronecker model [35, 36] . On the other hand, if U R k and U T k are discrete Fourier transform matrices, (4) corresponds to the virtual channel representation for uniform linear arrays [37] .
We emphasize that Weichselberger's model avoids the separability assumption of the Kronecker model and can account for arbitrary coupling between the transmitter and receiver ends. Therefore, Weichselberger's model improves the capability to correctly model actual MIMO channels. For example, [27, Fig. 6] shows that Weichselberger's model can provide significantly more accurate estimates of the mutual information for actual MIMO channels than the Kronecker model. This was the motivation for using Weichselberger's model in previous work, e.g. [17, 19] , and is also the main reason for using it in this paper. Hence, with this flexible model, we can obtain a more accurate theoretical analysis and more realistic performance results for practical communication systems compared to the simple Kronecker model.
III. ASYMPTOTIC WSR OF THE MIMO MAC WITH FINITE
ALPHABET INPUTS We divide all users into two groups, denoted as set A and its complement set A c :
Then, the achievable rate region (R 1 , R 2 , · · · , R K ) of the Kuser MIMO MAC satisfies the following conditions [38] :
As a result, we have
The expectation in (8) can be evaluated numerically by MonteCarlo simulation. However, for a large number of antennas, the associated computational complexity could be enormous. Therefore, by employing the replica method, a classical technique from statistical physics, we obtain an asymptotic expression for (8) as detailed in the following.
A. Some Useful Definitions
We first introduce some useful definitions. Consider a virtual 5 MIMO channel defined by
Hence, T A ∈ C K1Nt×K1Nt is given by
is a standard complex Gaussian random vector with i.i.d. elements. The minimum mean square error (MMSE) estimate of signal vector d A given (9) can be expressed aŝ
5 The virtual channel model does not relate to a physical channel but it plays an important role in the derivation of our final asymptotic expression (15) in Proposition 1.
Define the following mean square error (MSE) matrix
Define the matrices of the i k th (i 1 ≤ i k ≤ i K1 ) user Ω i k and E i k as submatrices obtained by extracting the ((k − 1)N t + 1)th to the (kN t )th row and column elements of matrices Ω A and E A , respectively. The component matrices T i k in T A are functions of auxiliary variables {R i k , γ i k , ψ i k }, which are the solutions of the following set of coupled equations:
T with (13) and (14). We will show later that in the asymptotic regime the mutual information in (8) can be evaluated based on the virtual MIMO channel 6 in (9). However, in contrast to channel matrix H A in (8) , for the virtual MIMO channel, channel matrix √ T A is deterministic.
B. Asymptotic Mutual Information
Suppose the transmit signal d k is taken from a discrete constellation with cardinality Q k . Define M k = Q Nt k , let S k denote the constellation set for user k, and let a k,j denote the jth element of S k , k = 1, 2, · · · , K, j = 1, 2, · · · , M k . We define the large system limit as the scenario where N r and N t are large but the ratio β = N t /N r is fixed. Now, we are ready to provide a simplified asymptotic expression for (8) .
Proposition 1: For the MIMO MAC model (1), in the large system limit the mutual information in (8) can be asymptotically approximated by
The virtual MIMO channel model in (9) is only used to evaluate the asymptotic mutual information of the actual channel model in (1) in the large system regime. Therefore, the dimensionality of the virtual MIMO channel model does not need to be identical to that of the channel model in (1) . The dimensionality of the virtual MIMO channel model is detailed in Appendix A.
Proof: See Appendix A. Remark 1: The asymptotic expressions provided in Proposition 1 constitute approximations for matrices of finite dimension. In addition, because the derivation of the asymptotic expression is based on the replica method, wherein some steps lack a rigorous proof, we state the result in a proposition rather than a theorem.
Remark 2: As mentioned above, Weichselberger's model is a general channel model. Therefore, the unified expression in Proposition 1 is applicable to many special cases. For example, if G k is a rank-one matrix, (15) reduces to [25, Eq. (28) ], which was derived for the Kronecker model.
Remark 3: γ i k and ψ i k in Proposition 1 can be obtained through the fixed-point equations in (14) . From statistical physics, it is known that there are multiple solutions for γ i k ,n and ψ i k ,m that satisfy 7 (14) . For the problem at hand, the solution minimizing I (d A ; y |d A c ) in (15) yields the mutual information.
Before proceeding, let us recall some notations used in this paper. For the virtual channel model (9), the virtual channel matrix and the corresponding asymptotic parameters obtained for different sets A based on the fixed point equations (13) and (14) are different due to the equality R A = i k ∈A R i k . Therefore, we define the set A k = {1, 2, · · · , k}. Then, we denote the virtual channel matrix and the corresponding asymptotic parameters obtained from the fixed point equations (13) and (14), (9) , and (11) for A = A k as T
IV. LINEAR PRECODING DESIGN FOR THE MIMO MAC
In this section, we first formulate the WSR optimization problem for linear precoder design for the MIMO MAC. Then, we establish the structure of the asymptotically optimal precoders maximizing the WSR in the large system limit. Finally, we propose an iterative algorithm for finding the optimal precoders.
A. Weighted Asymptotic Sum Rate
It is well known that the achievable rate region of the MIMO MAC (R 1 , R 2 , · · · , R K ) can be obtained by solving the WSR optimization problem [1] . Without loss of generality, assume weights µ 1 ≥ µ 2 ≥ · · · ≥ µ K ≥ µ K+1 = 0, i.e., the users are decoded in the order K, K − 1, · · · , 1 [6] . Then, the WSR problem can be expressed as
where (17) reduces to the sum rate maximization.
B. Asymptotically Optimal Precoder Structure
Consider the singular value decomposition (SVD) of the precoder of user l, B l = U B l Γ B l V B l , where U B l and V B l are unitary matrices, and Γ B l is a diagonal matrix with nonnegative main diagonal elements. Then, we have the following theorem.
Theorem 1: The left singular matrices U B l of the asymptotically optimal precoders which maximize the asymptotic WSR R w sum,asy (B 1 , B 2 , · · · , B K ) are the eigenmatrices U T l of the transmit correlation matrices in (5), l = 1, 2, · · · , K. Using the new notations below Remark 3 and based on the optimal precoder structure, (17) simplifies to
Proof: See Appendix B. Remark 4: We note that for finite alphabet input scenarios, the optimal precoder structure of the left singular matrix has been obtained for point-to-point MIMO systems [5, 23] . Also, the optimal precoder structure for the MIMO MAC was implicitly used in [25] for the Kronecker model and finite alphabet inputs without proof. Therefore, the main contribution of Theorem 1 is the explicit presentation of the optimal precoder structure for the MIMO MAC for Weichselberger's model and finite alphabet inputs and its proof.
Remark 5: For Weichselberger's model in (4), if only sum rate maximization is considered, i.e., [25] since the mutual information expression in (19) is concave with respect to this matrix. However, for WSR optimization, since the values of γ (19) . Thus, we optimize Γ B l and V B l in an alternating manner. 
and update the asymptotic parameters T
sum,asy is larger than a threshold and n is less than the maximal number of iterations, set n := n + 1, repeat Steps 2-4; otherwise, stop the algorithm.
Next, we obtain the gradients of R 
and
respectively. Now, we are ready to propose an iterative algorithm to determine the optimal precoders B l numerically.
C. Iterative Algorithm for Weighted Sum Rate Maximization
Based on Theorem 1, (20) , and (21), an efficient iterative algorithm can be formulated to determine the optimal precoders B l numerically. The resulting algorithm is summarized in Algorithm 1.
In
Step 2 of Algorithm 1, we optimize Γ (20) and the step size u is determined by the backtracking line search method [42] . Thereby, the values of the backtracking line search parameters θ and ω are set as θ ∈ (0, 0.5) and ω ∈ (0, 1) [42] . If the updated Γ . In
Step 3,
Then, we update the asymptotic parameters T
, and ψ (k),(n+1) t in Proposition 1 based on the updated precoders B (n+1) l , l = 1, 2, · · · , K, and the fixed point equations (13) and (14) . In Step 5, we compute R w,(n+1) sum,asy based on B
, and ψ
sum,asy is larger than a threshold and n is less than the maximal number of iterations, we perform the next iteration, otherwise, we stop the algorithm.
Remark 6:
We note that the iterative algorithms in [5] and [23] are for point-to-point MIMO systems. Therefore, both algorithms only need to consider the maximization of a single mutual information expression. For the MIMO MAC, the iterative algorithm in [6] optimizes the precoders of all users jointly. Therefore, its implementation complexity is very high. Based on the asymptotic WSR expression, Algorithm 1 optimizes the precoder of each user separately. Thus, its implementation complexity is significantly lower than that of the iterative algorithm in [6] . Moreover, Algorithm 1 exploits the optimal structure of the precoders for WSR maximization and optimizes the power allocation matrix and the right singular matrix of the precoder of each user in an alternating manner. The iterative algorithm in [25] is for the Kronecker model. For the special case of the Kronecker model, even for WSR optimization, γ [25] . Hence, for the Kronecker model, the algorithm in [25] can also be used to optimize the WSR and may be preferable for numerical calculation. This is because the algorithm in [25] only requires an eigenvalue decomposition where Algorithm 1 requires a SVD. However, as indicated in Remark 5, the algorithm in [25] can not be directly applied to the WSR optimization problem for Weichselberger's model considered in this paper.
Remark 7:
We note that calculating the mutual information and the MSE matrix (e.g., (16) , (20), (21) k . In contrast, the conventional precoder design for instantaneous CSI at the transmitter in [6] requires additions over all possible transmit vectors of all users. For this reason, the computational complexity of the conventional precoding design scales linearly with
. As a result, the computational complexity of Algorithm 1 is significantly lower than that of the conventional design. We note that this computational complexity reduction is more obvious when the number of transmit antennas or the number of users become large.
To show this more clearly, we give an example. We consider a practical massive MIMO MAC system where the base station is equipped with a large number of antennas and serves multiple users having much smaller numbers of antennas [32, [43] [44] [45] [46] [47] . In particular, we assume N r = 64, N t = 4, K = 4, µ 1 = µ 2 = µ 3 = µ 4 , and all users employ the same modulation constellation. The numbers of additions required for calculating the mutual information and the MSE matrix in Algorithm 1 and in the precoder design in [6] are listed in Table I for different modulation formats.
We observe from Table I that Algorithm 1 requires a significantly lower number of additions for the MIMO MAC precoder design for finite alphabet inputs compared to the design in [6] . Moreover, since Algorithm 1 is based on the channel statistics {U T k } ∀k , {U R k } ∀k , {G k } ∀k , it avoids the time-consuming averaging process over each channel realization of the mutual information in (7). In addition, Algorithm 1 is executed only once since the precoders are constant as long as the channel statistics do not change, whereas the algorithm in [6] has to be executed for each channel realization.
Remark 8:
We note that Algorithm 1 never decreases the asymptotic WSR R w sum,asy (B 1 , B 2 , · · · , B K ) in any iteration, see Step 5. From the expression in (15), we also know that the asymptotic WSR R w sum,asy (B 1 , B 2 , · · · , B K ) is upperbounded. This implies that Algorithm 1, which produces non-decreasing sequences that are upper-bounded, is convergent. Due to the non-convexity of the objective function R w sum,asy (B 1 , B 2 , · · · , B K ), in general, Algorithm 1 will find a local maximum of the WSR. Therefore, we run Algorithm 1 for several random initializations B (1) k and select the result that offers the maximal WSR as the final design solution [6, 48] . 
V. NUMERICAL RESULTS
In this section, we provide examples to illustrate the performance of the proposed iterative optimization algorithm. We assume equal individual power limits P 1 = P 2 = · · · = P K = P and the same modulation format for all K users. The average SNR for the MIMO MAC with statistical CSI is
. We use GP, NP, FAP, and AL as abbreviations for Gaussian precoding, no precoding, finite alphabet precoding, and algorithm in [6] , respectively.
First, we consider a two-user MIMO MAC with two transmit antennas for each user and two receive antennas in order to illustrate that, although Algorithm 1 was derived for the large system limit, it also performs well if the numbers of antennas are small. For the channel statistics of Weichselberger's model, U T k , U R k , and G k , k = 1, 2, are chosen at random. Figure 1 depicts the average exact sum rate obtained based on (8) and the sum rate obtained with the asymptotic expression in Proposition 1 for different precoding designs and QPSK inputs. For the case without precoding, we set B 1 = B 2 = P Nt I Nt , and denote the corresponding exact and asymptotic sum rates as "NP, Exact" and "NP, Asymptotic", respectively. Furthermore, we denote the exact and asymptotic sum rates achieved by the design proposed in Algorithm 1 as "FAP, Exact" and "FAP, Asympotic". From Figure 1 , we observe that the asymptotic sum rate expression in Proposition 1 provides a good estimate of the exact sum rate even for small numbers of antennas. On the other hand, if the numbers of antennas are large, evaluating the exact mutual information in (7) numerically via Monte Carlo simulation is extremely timeconsuming. In contrast, Proposition 1 provides an efficient method for estimating the ergodic WSR of the MIMO MAC with finite alphabet inputs. Figure 2 illustrates the convergence behavior of Algorithm 1 for different SNR values and QPSK inputs. We set the backtracking line search parameters to θ = 0.1 and ω = 0.5. Figure 2 shows the sum rate in each iteration. We observe that in all considered cases, the proposed algorithm needs only a few iterations to converge.
In Figure 3 , we show the sum rate for different transmission schemes and QPSK inputs. We employ the Gauss-Seidel algorithm together with stochastic programming 9 to obtain the optimal covariance matrices of the users under the Gaussian input assumption [19] . Then, we decompose the obtained optimal covariance matrices
we calculate the average sum rate for this precoding design for QPSK inputs. We denote the corresponding sum rate as "GP with QPSK inputs". For the case without precoding, we set B 1 = B 2 = P Nt I Nt . We denote the corresponding sum rate as "NP with QPSK inputs". We denote the proposed design in Algorithm 1 as "FAP with QPSK inputs". For comparison purpose, we also show the average sum rate achieved by Algorithm 1 in [6] with instantaneous CSI and denote it as "AL in [12] with QPSK inputs". The sum rates achieved with the Gauss-Seidel algorithm and without precoding for Gaussian inputs are also plotted in Figure 3 , and are denoted as "GP with Gaussian input" and "NP with Gaussian input", respectively.
From Figure 3 , we make the following observations: 1) For QPSK modulation, the proposed iterative algorithm achieves a considerably higher sum rate compared to the other statistical CSI based precoder designs. Specifically, to achieve a target sum rate of 4 b/s/Hz, the proposed algorithm achieves SNR gains of approximately 2.5 dB and 11 dB compared to the "NP with QPSK inputs" design and the "GP with QPSK inputs" design, respectively. 2) The sum rate achieved by the proposed algorithm is close to the sum rate achieved by Algorithm 1 in [6] which requires instantaneous CSI. At a target sum rate of 4 b/s/Hz, the SNR gap between the proposed algorithm and Algorithm 1 in [6] is less than 1 dB. However, the proposed algorithm only requires statistical CSI and its implementation complexity is much lower than that of Algorithm 1 in [6] .
3) The sum rate achieved by the proposed algorithm and the 9 We note that the asymptotically optimal precoder design for Gaussian input signals in [20] has a concise structure and a low implementation complexity. However, the main purpose of considering the precoder design under the Gaussian input assumption in this paper is to show that the Gaussian input assumption precoder design departs remarkably from the practical finite alphabet input design. Therefore, we consider the Gauss-Seidel algorithm together with stochastic programming for precoder design as this method optimizes the exact sum rate of the MIMO MAC with Gaussian input. Although this approach is complicated, it achieves the best sum rate performance for Gaussian input. "NP with QPSK inputs" design merge at high SNR, and both saturate at K log 2 M = 8 b/s/Hz. 4) The sum rate achieved by the "GP with QPSK inputs" design remains almost constant for SNRs between 10 dB and 20 dB. This is because the GaussSeidel algorithm design implements a "water filling" power allocation policy in this SNR region. As a result, when the SNR is smaller than a threshold (e.g., 20 dB in this case), the precoders allocate most of the available power to the strongest subchannels and allocate little power to the weaker subchannels. Therefore, one eigenvalue of Q k approaches zero. For example, for SNR = 10 dB, the optimal covariance matrices obtained by the Gauss-Seidel algorithm are given by 
After eigenvalue decomposition
The precoders are given by
.5097 − 0.0000j 0.0298 − 0.0000j −1.9168 + 0.1574j − 0.0388 + 0.0032j
From the structure of the precoders in (24), we can see that most energy is allocated to one transmitted symbol. For finite alphabet inputs, this power allocation policy may result in allocating most power to the subchannels that are close to saturation. This will lead to a waste of transmit power and impede the further improvement of the sum rate performance. This confirms that precoders designed under the ideal Gaussian input assumption may result in a considerable performance loss when adopted directly in practical systems with finite alphabet constraints.
In Figure 4 , we show the achievable rate region of different precoder designs for SNR = 5 dB and QPSK inputs. The achievable rate regions are obtained by solving the WSR optimization problem in (17) for different precoder designs. We observe from Figure 4 that the proposed design has a much larger rate region than the case without precoding and the design based on the Gaussian input assumption. We note that since for GP, most energy is allocated to one transmitted symbol, for finite alphabet inputs, the achievable sum rate of this transmission design may result in a value that is even smaller than the single user rate. Therefore, there is only one point in the achievable rate region for the GP design. A similar phenomenon has also been observed for the MIMO MAC with instantaneous CSI and finite alphabet inputs, see [6, Fig. 6 ].
To further validate the performance of the proposed design, Figure 5 shows the sum rate performance for different precoding schemes for 16QAM modulation. Figure 5 indicates that the proposed design outperforms the other precoding schemes 10 also for 16QAM modulation. At a sum rate of 8 b/s/Hz, the proposed algorithm achieves SNR gains of about 1.7 dB and 7.5 dB over the "NP with 16QAM inputs" design and the "GP with 16QAM inputs" design, respectively.
In the following, we investigate the performance of the proposed precoder design in a practical massive MIMO MAC system where the base station is equipped with a large number of antennas and simultaneously serves multiple users with much smaller numbers of antennas [32, [43] [44] [45] . We assume N r = 64 and N t = 4. Furthermore, we adopt the 3rd generation partnership project spatial channel model (SCM) in [49] . We set 11 the transmit and receive antenna spacings to half a wave length, and the velocity 12 of the users to 180 km/h. Figures 6 and 7 show the sum rate performance for different precoder designs, K = 4, and QPSK inputs for the suburban and the urban scenarios of the SCM, respectively. We observe from Figures 6 and 7 that, for QPSK inputs, the proposed algorithm achieves a better performance than the other precoder designs for both scenarios. For a sum rate of 24 b/s/Hz, the SNR gains of the proposed algorithm over the "NP with QPSK inputs" design for the suburban and the urban scenarios are about 5 dB and 4.5 dB, respectively. The SNR gain for the suburban scenarios is larger than that for the urban scenarios, since the correlation of the transmit antennas is stronger in suburban scenarios. As a result, the precoder design based on statistical CSI is more effective and yields a larger performance gain. Also, the "GP with QPSK inputs" design results in a substantial performance loss in both scenarios. To illustrate the importance of designing the precoders for Weichsenberger's channel model, we also show in Figure 7 the sum rate performance of precoders designed for the Kronecker's model (i.e., the mutual coupling is ignored for precoder calculation) and denote the corresponding curve as "FAP with QPSK inputs and KR". We observe from Figure  7 that for a sum rate of 24 b/s/Hz, we lose about 1 dB in performance if we design the precoders for the Kronecker's model. Figure 8 shows the average sum rate for different precoder designs as a function of the number of users for QPSK inputs, 11 The SCM simulation model in [49] has several system parameters, including the number of user, the numbers of antenna, the antenna spacing, the velocity of the users, etc. After setting these parameters, we generated a large number of channel realizations and calculated the statistical CSI based on these channel realizations. 12 We consider the scenario where the mobility of the users is high. In such a scenario, it is reasonable to exploit the statistical CSI at the transmitter for precoder design [17] . the urban scenario, and SNR = 0 dB. We observe from Figure  8 that the average sum rate scales linearly with the number of users. This coincides with the conclusion in Proposition 1 that the sum rate can be approximated by the sum of the individual rates of all users.
VI. CONCLUSION
In this paper, we have studied the linear precoder design for the K-user MIMO MAC with statistical CSI at the transmitter. We formulated the problem from the standpoint of finite alphabet inputs based on Weichselberger's MIMO channel model. We first obtained the WSR expression for the MIMO MAC assuming Weichselberger's model for the asymptotic large system regime under the finite alphabet input constraint. Then, we established the optimal structures of the precoding matrices which maximize the asymptotic WSR. Subsequently, we proposed an iterative algorithm to find the precoding matrices of all users for statistical CSI at the transmitter. We show that the proposed algorithm significantly reduces the implementation complexity compared to a previously proposed precoder design method for the MIMO MAC with finite alphabet inputs and instantaneous CSI at the transmitter. Numerical results showed that, for finite alphabet inputs, precoders designed with the proposed iterative algorithm achieve substantial performance gains over precoders designed based on the Gaussian input assumption and transmission without precoding. These gains can be observed for both MIMO systems with small numbers of antennas and massive MIMO systems.
APPENDIX A PROOF OF PROPOSITION 1
Before we present the proof, we introduce the following three useful lemmas.
Lemma 1: Let S ∈ C m×n , A 1 ∈ C m×n , and A 2 ∈ C m×n be complex matrices and A 3 ∈ C n×n and A 4 ∈ C m×m positive definite matrices, respectively. Then, the following equality holds [39] :
For A 1 = A 2 = 0 and Gaussian random matrix S, we obtain with this lemma the useful result DS e −tr(A3S
Lemma 2: The eigen-decomposition of matrix
is the all-one vector, and a and b are arbitrary constants, is
where F ∈ C (r+1)×1 is the discrete Fourier transform matrix with elements 
The identity can be proven easily by using the definition of a matrix variate Gaussian distribution. The transformation is a convenient tool to reduce a quadratic form to a linear expression by introducing auxiliary variables [51] . Now, we begin with the proof of Proposition 1. We note that throughout this section, the virtual channel model defined in Section III-A is only used if explicitly stated. First, we consider the case (8) , the mutual information of the MIMO MAC can be expressed as I(d; y) = F − N r log 2 e, where F = −E y,H [log 2 Z(y, H)] and Z(y, H) = E x e − y−Hx 2 . The expectations over y and H are difficult to perform because the logarithm appears inside the average. The replica method [50] circumvents this difficulty by rewriting F as
This reformulation is very useful because it allows us to first evaluate E y,H [ (Z(y, H) ) r ] for a positive integer-valued r,
and then extend the result to r → 0. Note, however, that the replica method is not rigorous. Nevertheless, it has been widely adopted in the field of statistical physics [51] and has been also used to derive a number of interesting results in information and communication theory [19, 24, 29-31, 39, 54] . Some results obtained based on the replica method have been recently confirmed by more rigorous analyses, see e.g. [52, 53] . In a first step, to compute the expectation over Z(y, H), it is useful to introduce r + 1 replicated signal vectors x (α) k , for α = 0, 1, · · · , r, yielding
, and the {x (α) k } are i.i.d. with distribution p(x k ). Now, the integration over y can be performed in (30) because it is reduced to the Gaussian integral. However, the expectations over H and X are involved. To tackle this problem, we separate the expectations with respect to X and H. Towards this end, define a set of random matrices:
k,n,m , and v
Then, we have from (4)
Notice that, for given X k , v k,n,m is a Gaussian random vector with zero mean and covariance matrix Q k,n,m , where Q k,n,m ∈ C (r+1)×(r+1) is a matrix with en-
k . Using (31) and letting Q = {Q k,n,m } ∀k,n,m , where ∀k, n, m stands for k = 1, 2, · · · , K, m = 1, 2, · · · , N t , and n = 1, 2, · · · , N r , we have
Clearly, the interactions between H and X depend only on Q. Therefore, it is useful to separate the expectation over X in (30) into an integral over all possible Q k,n,m and all possible
configurations for a given Q k,n,m by introducing a δ-function,
Clearly, (34) can be written as
Now, integrating the function in (34) over y, (33) becomes
H + I r+1 . Recalling that v k,n,m is a zero-mean Gaussian vector with covariance matrix Q k,n,m , we obtain that k (U R k V k ) is a zero-mean Gaussian random vector with covariance Q ⊗ R = k,n ( m Q k,n,m ) ⊗ R k,n ∈ C (r+1)Nr×(r+1)Nr . Thus, applying Lemma 1, we can eliminate V resulting in
Inserting (38) into (36), we then deal with the expectation over X for a given Q. Notice that only µ(Q) is related to the components of X. Using the inverse Laplace transform of the δ-function 13 , µ(Q) can be written as an exponential representation with integrals over auxiliary variables {Q (α,β) k,n,m }. For ease of notation, letQ k,n,m ∈ C (r+1)×(r+1) be a Hermitian matrix whose elements are the auxiliary variables {Q (α,β) k,n,m }. Similar to the definition of Q, we further define the set Q = {Q k,n,m } ∀k,n,m . In the large dimensional limit, the integrals over {Q k,n,m } can be performed by maximizing the exponent in µ(Q) with respect to {Q k,n,m } (the saddle point method). Using the saddle point method and following 13 The inverse Laplace transform of δ-function is given by [51] δ(x) = 1 2πj
a similar approach as in [24] , we can show that if N r is large, then µ(Q) is dominated by the exponent
Similarly, by applying the saddle point method to (36), we have [29, 31] 
The extremum overQ and Q in (39) and (40) can be obtained via seeking the point of zero gradient with respect toQ and Q, respectively, yielding a set of self-consistent equations. To avoid searching for the extremum over all possible Q andQ, we make the following replica symmetry (RS) assumption for the saddle point:
With this RS assumption, the problem of seeking the extremum in (40) with respect to (Q k,n,m ,Q k,n,m ) is reduced to seeking the extremum over the four parameters (q k,n,m , c k,n,m ,q k,n,m ,c k,n,m ). Although the RS assumption is heuristic, and cases of RS breaking appear in literature [51, 54] , it is widely used in physics [51] and information theory [19, 24, 29-31, 39, 54] . Also, some results obtained based on the RS assumption have been shown to become exact in the large system limit [55] . 
where we have usedT = diag T 1 ,T 2 , . . . ,T K and .
(46) Now, we decouple the first quadratic term in the exponent of (46) by using the Hubbard-Stratonovich transformation in Lemma 3 and introducing the auxiliary vector z. As a result, (46) becomes ln Dz E X e −g(z) (47) where
. (48) Inserting (43), (44) , and (47) into (40), we obtain F under the RS assumption as The parameters {c k,n,m , q k,n,m ,c k,n,m ,q k,n,m } are determined by seeking the point of zero gradient with respect to {c k,n,m , q k,n,m ,c k,n,m ,q k,n,m }. It is easy to check that c k,n,m = 0, ∀k, n, m and c k,n,m = tr(T k,m ), ∀k, n, m.
Motivated by the exponent of the first term on the right hand side of (50), we define a virtual MIMO channel as in (9) , where z A := z, T A := Ξ ′ , and B A d A := x. This virtual MIMO channel does not relate to any physical channel model and is introduced only for clarity of notation. In particular, we will show that the first term on the right hand side of (50) can be written as the mutual information of the virtual MIMO channel when taking the derivative of T (r) with respect to r at r = 0. Recall from (29) and (40) that we are only interested in the derivative of F at r = 0. Let γ k,n,m =q k,n,m and ψ k,n,m = c k,n,m − q k,n,m . Hence, from (49), the final result can be expressed as = I x; z √ Ξ +log 2 det (I Nr + R)
− log 2 e k,n,m γ k,n,m ψ k,n,m + log 2 eN r (51) where Ξ = T, T = blockdiag (T 1 , T 2 , . . . , T K ), T k = m ( n g k,n,m γ k,n,m ) T k,m and R = k,n ( m ψ k,n,m ) R k,n . The parameters γ k,n,m and ψ k,n,m are determined by seeking the point of zero gradient of F with respect to ψ k,n,m and γ k,n,m , respectively. Hence, we have γ k,n,m = tr (I Nr + R)
and ψ k,n,m = ln 2 ∂ ∂γ k,n,m I x; z √ Ξ = g k,n,m tr (Ω k T k,m )
where the derivative of the mutual information follows from the relationship between the mutual information and the MMSE revealed in [40] . Let γ k,n = γ k,n,m and ψ k,m = tr (Ω k T k,m ), for m = 1, 2, . . . , M . Using (51) and substituting the definitions of γ k,n , ψ k,m , T A , B A , and model (9), we obtain (15) for the case K 1 = K. The case for arbitrary values of K 1 can be proved following a similar approach as above.
APPENDIX B PROOF OF THEOREM 1
Using the notations introduced in Section III-B and according to Proposition 1, we obtain an asymptotic expression for
To investigate the optimal precoders which maximize R 
